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Rough set theory is an important tool for approximate reasoning about data. Axiomatic systems of rough sets are sig-
niﬁcant for using rough set theory in logical reasoning systems. In this paper, outer product method are used in rough set
study for the ﬁrst time. By this approach, we propose a uniﬁed lower approximation axiomatic system for Pawlak’s rough
sets and fuzzy rough sets. As the dual of axiomatic systems for lower approximation, a uniﬁed upper approximation axi-
omatic characterization of rough sets and fuzzy rough sets without any restriction on the cardinality of universe is also
given. These rough set axiomatic systems will help to understand the structural feature of various approximate operators.
 2008 Elsevier Inc. All rights reserved.
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Rough set theory [16,17] is a new approach for reasoning about data. It has achieved a large amount of real
applications such as medicine, information analysis, data mining, control and linguistics. As a tool to handling
imperfect data, it complements other theories that deal with uncertain data, such as probability theory, evi-
dence theory and fuzzy set theory. The main idea of rough sets corresponds to the lower and upper approx-
imations. Pawlak’s deﬁnitions for the lower and upper approximations were originally introduced with
reference to an equivalence relation. Many interesting properties of the lower and upper approximations have
been derived by Pawlak [16,17] based on the equivalence relations. In this paper, we study a reverse problem.
That is, can we characterize the notion of the lower and upper approximations in terms of those properties?
We answer the question aﬃrmatively.
Since classical rough set theory is based on equivalence relations, the equivalence relation is too restrictive
for most applications. To address this issue, the main idea is focused on generalizing and interpreting rough
sets. For example, rough set model is extended to include general binary relations [1,3,6,19,21,24,26–32,35]
and coverings [2,32–34]. Some researchers even extended classical rough sets to Boolean algebras [9,13] and
lattices [14,20]. Dubois and Prade [4,5] were the ﬁrst one of researchers to propose the concept of fuzzy rough0888-613X/$ - see front matter  2008 Elsevier Inc. All rights reserved.
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similarity relation by using the t-norm Min and its dual conorm Max. The axiomatic approach takes the lower
and upper approximations as primitive notions. In this approach, a set of axioms is used to characterize the
approximations. Lin and Liu [10] proposed six axioms on a pair of abstract operators on the power set of uni-
verse in the framework of topological spaces. Under these axioms, there exists an equivalence relation such
that the lower and upper approximations are the same as the abstract operators. Mi and Zhang [11] and
Wu and Zhang [22] studied axioms for approximation operators in fuzzy environment. A similar problem
was also investigated earlier by Morsi and Yakout [15]. The most important axiomatic studies for crisp rough
sets were made by Yao [27–29] and Yao and Lin [30], in which various classes of crisp rough set algebras were
characterized by diﬀerent sets of axioms. By using inner product method and matrix method, Liu [12] gave a
uniﬁed axiomatic system to characterizes the upper approximation operations for both Pawlak’s rough sets
and fuzzy rough sets with a ﬁnite universe. However, the matrix method fails when the universe is an inﬁnite
set. Besides the inner product method can only express the axiomatic systems for the upper approximation
operations and but not for the lower approximation operations. In this paper, we use outer product method
to study lower approximation operations for both Pawlak’s rough sets and fuzzy rough sets. Especially, we
express axiomatic systems for the lower approximation operations in these two rough set models. As the dual
of axiomatic systems for lower approximation, similar axiomatic systems for the upper approximations are
also obtained. The new expression we obtained uniﬁes existing axiomatic systems for Pawlak’s rough sets
and fuzzy rough sets.
Many authors who studied axiomatic system of rough sets were based on set-theoretical methods
[5,7,8,10,11,25–32,34]. However, according to the literature, none of them used characteristic function as
we do in this paper. They either studied axiomatic system for Pawlak’s rough sets or studied axiomatic system
for fuzzy rough sets, but not both. In this paper we use the inner and outer product methods to discuss the
axiomatic systems of rough sets. Furthermore, we can use the same expression to characterize the lower
and upper approximations of rough sets both in case of crisp sets and in case of fuzzy sets. As we know,
the outer product method is ﬁrst used in rough sets. By using this approach, we obtain a uniﬁed axiomatic
characterization of the lower and upper approximations for Pawlak’s rough sets and fuzzy rough sets without
any restriction on the cardinality of universe.
The paper is organized as follows. In Section 2, we introduce the deﬁnitions and properties of rough sets.
We also deﬁne the inner and outer products of sets. In Section 3, we study axiomatic systems for Pawlak’s
rough set. By using the outer and inner products of sets, we propose axiomatic systems for lower and upper
approximations of Pawlak’s rough set over arbitrary universe, respectively. In Section 4, the deﬁnitions of
fuzzy rough sets are introduced and the properties of lower and upper approximations are presented. In Sec-
tion 5, we characterize the fuzzy rough set lower and upper approximations with the same two axioms.
Finally, Section 6 concludes the paper.
2. Preliminaries
A binary relation is an equivalence relation iﬀ it is reﬂexive, symmetric and transitive. For every equivalence
relation there is a partition and vice versa. Let U be the (ﬁnite or inﬁnite) universe of discourse. Let R be a
given equivalence relation on U. The family of all equivalence classes is a set which is called the quotient
set and denoted by U=R. We use ½x to denote an equivalence class in R containing an element x 2 U . For each
subset X of U, we associate two subsets, lower and upper approximations [16,17]:RX ¼ fxj½x  Xg and RX ¼ fxj½x \ X 6¼ ;g;
respectively. The pair RX ð¼ ðRX ;RX ÞÞ is referred to as the rough set of X. The rough set ðRX ;RX Þ denotes the
description of X under the present knowledge, i.e., the classiﬁcation of U.
Pawlak’s rough sets can be easily extended by considering other types of binary relations. Let R  U  U be
a binary relation on U without any additional constraints. By taking the similarity class rðxÞ ¼ fy 2 U jxRyg
instead of the equivalence class we can obtain a generalization of the deﬁnitions of the lower approximation
and the upper approximation of X by RX ¼ fx 2 U jrðxÞ  Xg and RX ¼ fx 2 U jrðxÞ \ X 6¼ ;g [27],
respectively.
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acteristic function of X, still denoted by X, is deﬁned for each x 2 U as follows:X ðxÞ ¼ 1; x 2 X ;
0; x 62 X :
We may add and multiply characteristic functions, since their values are numbers, and these operations some-
times help us prove theorems about properties of subsets of a universal set. For the arbitrary binary relation R
on universal set U, Rðx; yÞ is deﬁned byRðx; yÞ ¼ 1; ðx; yÞ 2 R;
0; ðx; yÞ 62 R:
By using characteristic function, the lower and upper approximations of rough set can be rewritten as follows.
Proposition 2.1. Let U be an arbitrary universal set, PðUÞ the power set of U, and R an arbitrary binary relation
on U. The lower and upper approximations of set X 2 P ðUÞ, RX and RX , are subsets of U such thatðRX ÞðxÞ ¼ _y2UðRðx; yÞ ^ X ðyÞÞ; x 2 U
andðRX ÞðxÞ ¼ ^y2Uðð1 Rðx; yÞÞ _ X ðyÞÞ; x 2 U ;
where ^ ¼ inf and _ ¼ sup.
Proposition 2.1 is signiﬁcant since it is the reasoning foundation of this paper. In order to get the construction
of the lower approximation operation of rough set over an arbitrary universal set, we need to introduce the
inner and outer products of two subsets. Recall that the inner product (respectively, outer product) of two sub-
sets X ; Y of U, denoted by ðX ; Y Þ (respectively, denoted by ½X ; Y ), is deﬁned as ðX ; Y Þ ¼ _x2U ðX ðxÞ ^ Y ðxÞÞ
(respectively, is deﬁned as ½X ; Y  ¼ ^x2U ðX ðxÞ _ Y ðxÞÞ). The inner product ðX ; Y Þ is equal to 1 if the intersection
between X and Y is not empty and it is equal to 0 otherwise, while the outer product ½X ; Y  is equal to 1 if the
union of X and Y is the universe U and it is equal to 0 otherwise.
The inner and outer products have the following important properties.
Proposition 2.2. Let U be an arbitrary universe and P ðUÞ be the power set of U. The inner and outer products of
subsets have the following properties:
(1) ð[i2IX i; Y Þ ¼ _i2IðX i; Y Þ; ½\i2IX i; Y  ¼ ^i2I ½X i; Y  for any given index set I ;X i; Y 2 P ðUÞ;
(2) commutativity ðX ; Y Þ ¼ ðY ;X Þ; ½X ; Y  ¼ ½Y ;X  for X ; Y 2 P ðUÞ;
(3) if ðX ; Y Þ ¼ ðX ; ZÞ for all X 2 P ðUÞ, then Y ¼ Z;
(4) if ½X ; Y  ¼ ½X ; Z for all X 2 P ðUÞ, then Y ¼ Z;
(5) ðX ;RY Þ ¼ _x2U_y2UðX ðxÞ ^ Rðx; yÞ ^ Y ðyÞÞ;
(6) ½X ;RY  ¼ ^x2U^y2U ðX ðxÞ _ ð1 Rðx; yÞÞ _ Y ðyÞÞ;
(7) ðX ; Y Þ0 ¼ 1 ðX ; Y Þ ¼ ½X 0; Y 0 and, ½X ; Y 0 ¼ 1 ½X ; Y  ¼ ðX 0; Y 0Þ for all X ; Y 2 P ðUÞ, where X 0 is the
complement of X.Proof
(1) For any given index set I ;X i 2 P ðUÞ; i 2 I , and Y 2 P ðUÞ
ð[i2IX i; Y Þ ¼ _x2Uðð[i2IX iÞðxÞ ^ Y ðxÞÞ ¼ _x2Uðð_i2IX iðxÞÞ ^ Y ðxÞÞ ¼ _x2U_i2IðX iðxÞ ^ Y ðxÞÞ
¼ _i2I_x2UðX iðxÞ ^ Y ðxÞÞ ¼ _i2IðX i; Y Þ;
½\i2IX i; Y  ¼ ^i2I ½X i; Y  can be proved in a similar way.
(2) is clear.
(3) If Y 6¼ Z, then there exists some element x 2 U such that Y ðxÞ 6¼ ZðxÞ. Let X ¼ fxg, then
ðX ; Y Þ ¼ Y ðxÞ 6¼ ZðxÞ ¼ ðX ; ZÞ. This is a contradiction.
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(5) Using Proposition 2.1,ðX ;RY Þ ¼ _x2U ðX ðxÞ ^ RY ðxÞÞ ¼ _x2UðX ðxÞ ^ ð_y2U ðRðx; yÞ ^ Y ðyÞÞÞÞ
¼ _x2U_y2U ðX ðxÞ ^ Rðx; yÞ ^ Y ðyÞÞ:(6) Similar to (5).
(7) ðX ; Y Þ0 ¼ 1 _x2UðX ðxÞ ^ Y ðxÞÞ ¼ ^x2U ð1 X ðxÞ ^ Y ðxÞÞ ¼ ^x2U ðð1 X ðxÞÞ _ ð1 Y ðxÞÞÞ
¼ ^x2UðX 0ðxÞ _ Y 0ðxÞÞ ¼ ½X 0; Y 0:
0 0 0½X ; Y  ¼ ðX ; Y Þ can be proved in a similar way. h
The basic properties of the lower and upper approximations are given by the following proposition.
Proposition 2.3. Let U be an arbitrary universal set and R be an arbitrary binary relation on U. Then for
X ; Y  U
(1) For any given index set I and X i 2 P ðUÞ, Rð[i2IX iÞ ¼ [i2IRðX iÞ;Rð\i2IX iÞ ¼ \i2IRX i;
(2) R; ¼ ;;RU ¼ U ;
(3) X  Y implies RX  RY ;RX  RY ;
(4) RðX \ Y Þ  RðX Þ \ RðY Þ;RðX [ Y Þ  RX [ RY ;
(5) RðX 0Þ ¼ ðRX Þ0;RðX 0Þ ¼ ðRX Þ0. Moreover, If R is an equivalence relation on U, then
(6) RX  X  RX ;
(7) RRX ¼ RX , and RRX ¼ RX ;
(8) ðX ;RY Þ ¼ ðY ;RX Þ, and ½X ;RY  ¼ ½Y ;RX  for all X ; Y 2 P ðUÞ.Proof. Parts (1)–(7) can be found in [17] or [18].
(8) Using Proposition 2.2(5) and symmetric property of R,ðX ;RY Þ ¼ _x2U_y2U ðX ðxÞ ^ Rðx; yÞ ^ Y ðyÞÞ ¼ _x2U_y2U ðX ðxÞ ^ Rðy; xÞ ^ Y ðyÞÞ ¼ ðY ;RX Þ:
Similarly, ½X ;RY  ¼ ½Y ;RX . h3. Axiomatization of rough sets
The axiomatic approach aims to investigate the logical structure of rough sets rather than to develop some
methods for applications. This section shows that if there exists an operator L, which assigns every subset X of
the universe U to a subset LðX Þ, such that the assignment satisﬁes two axioms, then there is an equivalence
relation deﬁned on U such that LðX Þ is Pawlak’s rough set lower approximation of X. We also study the dual
problem.
We make full use of characteristic functions for sets. Note that the characteristic function of X is still
denoted by X. That is, we do not distinguish the subset X of U and its corresponding characteristic function.
Lemma 3.1. [9] Let U be an arbitrary universal set and PðUÞ be the power set of U. Suppose L : P ðUÞ ! PðUÞ
is a unary operator. Then there exists a unique binary relation R on U such that LðX Þ ¼ RX for subset X of U, if
and only if L satisfies the properties:
(1) LðUÞ ¼ U ;
(2) for any given index set I, Lð\i2IX iÞ ¼ \i2ILðX iÞ for all X i  U ; i 2 I .
Note that if U is a ﬁnite set, condition (2) in Lemma 3.1 is equivalent to LðX \ Y Þ ¼ LðX Þ \ LðY Þ for all
X ; Y 2 P ðUÞ. For the upper approximation, we have the following dual result.
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the unary operator. There exists a unique binary relation R on U such that HðX Þ ¼ RX for subset X of U, if and
only if H satisfies the properties:
(1) Hð;Þ ¼ ;;
(2) for any given index set I, Hð[i2IX iÞ ¼ [i2IHðX iÞ for all X i  U .Proof. The proof can be derived by duality from the ones of lower approximations and we omit it. h
Theorem 3.1. Let U be an arbitrary universal set and P ðUÞ be the power set of U. Suppose L : P ðUÞ ! P ðUÞ is a
unary operator, L satisfies LðUÞ ¼ U , and for any given index set I, Lð\i2IX iÞ ¼ \i2ILðX iÞ for all i 2 I and
X i 2 P ðUÞ. We have the following three results.
(1) There exists a unique reflexive relation R on U such that LðX Þ ¼ RX for subset X of U if and only if
LðX Þ  X for all X 2 P ðUÞ;
(2) There exists a unique symmetric relation R on U such that LðX Þ ¼ RX for subset X of U if and only if
½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 PðUÞ;
(3) There exists a unique transitive relation R on U such that LðX Þ ¼ RX for subset X of U if and only if
LðX ÞÞ  LðLðX Þ for all X 2 P ðUÞ.Proof. By Lemma 3.1, there exists a unique binary relation R on U such that LðX Þ ¼ RX for all X  U . The
proof of parts (1) and (3) can be found in [9]. We only need to prove part (2).(2) If R is a symmetric relation on
U, then Rðx; yÞ ¼ Rðy; xÞ for x; y 2 U and½X ;RY  ¼ ^x2U^y2U ðX ðxÞ _ ð1 Rðx; yÞÞ _ Y ðyÞÞ ¼ ^x2U^y2U ðX ðyÞ _ ð1 Rðy; xÞÞ _ Y ðxÞÞ
¼ ^x2U^y2U ðY ðxÞ _ ð1 Rðx; yÞÞ _ X ðyÞÞ ¼ ½Y ;RX :Conversely, if ½X ; LðY Þ ¼ ½Y ; LðX Þ, then for subsets X ¼ fxg0 ¼ U  fxg and Y ¼ fyg0 ¼ U  fyg; x; y 2 U ,
½X ; LðY Þ ¼ ^a2U^b2UðX ðaÞ _ ð1 Rða; bÞÞ _ Y ðbÞÞ ¼ 1 Rðx; yÞ:Similarly, ½Y ; LðX Þ ¼ 1 Rðy; xÞ, it follows Rðx; yÞ ¼ Rðy; xÞ for x; y 2 U . Thus R is a symmetric relation on
U. h
For the upper approximation, we have the following dual results.
Theorem 3.10. Let U be an arbitrary universal set and P ðUÞ be the power set of U. Suppose H : PðUÞ ! P ðUÞ is
a unary operator, H satisfies Hð;Þ ¼ ;, and for any given index set I, Hð[i2IX iÞ ¼ [i2IHðX iÞ for all i 2 I and
X i 2 P ðUÞ. We have the following three results.
(1) There exists a unique reflexive relation R on U such that HðX Þ ¼ RX for subset X of U if and only if
X  HðX Þ for all X 2 PðUÞ.
(2) There exists a unique symmetric relation R on U such that HðX Þ ¼ RX for subset X of U if and only if
ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ for all X ; Y 2 P ðUÞ.
(3) There exists a unique transitive relation R on U such that HðX Þ ¼ RX for subset X of U if and only if
HðHðX ÞÞ  HðX Þ for all X 2 P ðUÞ. Note that condition ½X ; LðY Þ ¼ ½Y ; LðX Þ follows LðUÞ ¼ U , and
Lð\i2IX iÞ ¼ \i2ILðX iÞ for any given index set I, i.e., we have the following result:Lemma 3.2. Let U be an arbitrary universal set and P ðUÞ be the power set of U. If L : PðUÞ ! P ðUÞ is the unary
operator that satisfies ½X ; LðY Þ ¼ ½Y ;LðX Þ, then LðUÞ ¼ U , and Lð\i2IX iÞ ¼ \i2ILðX iÞ for any given index set I
and X i  U .
Proof. For any X 2 P ðUÞ; ½U ; LðX Þ ¼ 1. If LðUÞ 6¼ U , then there exists some x 2 ðLðUÞÞ0 ¼ U  LðUÞ, assume
X ¼ fxg0 ¼ U  fxg,
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Thus ½X ; LðUÞ 6¼ ½U ; LðX Þ, this is a contradiction.
Since, for any given index set I,½Y ; Lð\i2IX iÞ ¼ ½\i2IX i; LðY Þ ¼ ^i2I ½X i; LðY Þ ¼ ^i2I ½Y ;LðX iÞ ¼ ½Y ;\i2ILðX iÞ
for all X i; Y  U . Thus, by Proposition 2.2(4), we have Lð\i2IX iÞ ¼ \i2ILðX iÞ. h
Lemma 3.20. Let U be an arbitrary universal set and PðUÞ be the power set of U. If H : P ðUÞ ! P ðUÞ is the
unary operator that satisfies ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ, then Hð;Þ ¼ ;, and Hð[i2IX iÞ ¼ [i2IHðX iÞ for any given
index set I and X i  U .
Combining Theorem 3.1 and Lemma 3.2, we have the following interesting corollary. That is, we can
characterize the lower approximation base on a symmetric binary relation R on U with a simple axiom.
Corollary 3.1. Let U be an arbitrary universal set and P ðUÞ be the power set of U. If L : P ðUÞ ! P ðUÞ is the
unary operator that satisfies ½X ;LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 PðUÞ, then there exists a unique symmetric bin-
ary relation R on U such that LðX Þ ¼ RX for all X 2 P ðUÞ.The following result is the dual of Corollary 3.1.
Corollary 3.10. Let U be an arbitrary universal set and P ðUÞ be the power set of U. If H : P ðUÞ ! P ðUÞ is the
unary operator that satisfies ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ for all X ; Y 2 P ðUÞ, then there exists a unique symmetric
binary relation R on U such that HðX Þ ¼ RX for all X 2 P ðUÞ.
From Theorem 3.1 and Lemma 3.2, we obtain the axiomatization of the lower approximation operation of
Pawlak’s rough set in the arbitrary universal set.
Theorem 3.2. Let U be an arbitrary universal set and P ðUÞ be the power set of U. Suppose L : P ðUÞ ! P ðUÞ is
the unary operator that satisfies axioms:
(1) LðX Þ  X for all X 2 P ðUÞ;
(2) ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 P ðUÞ;
(3) LðX Þ  LðLðX ÞÞ for all X 2 PðUÞ.
Then there exists a unique equivalence relation R on U such that LðX Þ ¼ RX for each subset X of U. If we
deﬁne the upper approximation operation using the formula, RX ¼ RðX Þ, then ðRX ;RX Þ is a rough set.
Theorem 3.20. Let U be an arbitrary universal set and P ðUÞ be the power set of U. Suppose H : P ðUÞ ! P ðUÞ is
the unary operator that satisfies axioms:
(1) X  HðX Þ for all X 2 P ðUÞ;
(2) ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ for all X ; Y 2 PðUÞ;
(3) HðHðX ÞÞ  HðX Þ for all X 2 P ðUÞ.
Then there exists a unique equivalence relation R on U such that HðX Þ ¼ RX for each subset X of U.
If R is an equivalence relation on U, then LðX Þ ¼ RX for any X  U satisﬁes all three properties in Theorem
3.2, axioms (1), (2), and (3) in Theorem 3.2 are consistent. The following example shows that the above three
properties for the lower approximation operation are necessary and independent each other. Similar conclu-
sions hold for Theorem 3.20.
Example 3.1. Let U be an arbitrary universal set, we consider the following cases:
(a) Let LðX Þ ¼ U for any X  U . This L satisﬁes all properties except (1).
(b) Consider a universe U ¼ fa; b; cg. Let R be a binary relation on U:R ¼ fða; aÞ; ðb; bÞ; ðc; cÞ; ða; bÞ; ða; cÞ; ðb; cÞg:
G. Liu / Internat. J. Approx. Reason. 48 (2008) 857–867 863If X ¼ fa; cg; Y ¼ fb; cg and LðX Þ ¼ RX , then ½X ; LðY Þ ¼ 1, but ½Y ; LðX Þ ¼ 0. This L satisﬁes all prop-
erties except (2).(c) Consider a universe U ¼ fa; b; cg. Let R be a binary relation on U:
R ¼ fða; aÞ; ðb; bÞ; ðc; cÞ; ða; bÞ; ðb; aÞ; ðb; cÞ; ðc; bÞgand LðX Þ ¼ RX . This L satisﬁes all properties except (3).
Note that conditions (1), (2), and (3) in Theorem 3.2 are equivalent to the following two conditions
(1) ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 P ðUÞ;
(2) X \ LðLðX ÞÞ ¼ LðX Þ for all X 2 PðUÞ.
Theorem 3.2 can be rewritten as follows.
Theorem 3.3. Let U be an arbitrary universal set and PðUÞ be the power set of U. Suppose L : PðUÞ ! P ðUÞ is
the unary operator that satisfies axioms:
(1) ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 PðUÞ;
(2) X \ LðLðX ÞÞ ¼ LðX Þ for all X 2 PðUÞ. Then there exists a unique equivalence relation R on U such that
LðX Þ ¼ RX for each subset X of U.Theorem 3.30. Let U be an arbitrary universal set and P ðUÞ be the power set of U. Suppose H : PðUÞ ! P ðUÞ is
the unary operator that satisfies axioms:
(1) ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ for all X ; Y 2 P ðUÞ;
(2) X [ HðHðX ÞÞ ¼ HðX Þ for all X 2 PðUÞ.
Then there exists a unique equivalence relation R on U such that HðX Þ ¼ RX for each subset X of U.
Theorem 3.3, in fact, gives an axiomatic system with two simple axioms for Pawlak’s rough set lower
approximation operations. Theorem 3.30 gives an axiomatic system for Pawlak’s rough set upper approxima-
tion operations.
4. Fuzzy rough sets
The notion of fuzzy sets provides a convenient tool for representing vague concepts by allowing partial
memberships. In this section, we deﬁne rough sets in a fuzzy approximation space over an arbitrary universe.
A fuzzy set X of U is deﬁned by a membership function: X : U ! ½0; 1, X ðxÞ; x 2 U , giving the degree of mem-
bership of x in X. Let F ðUÞ denote the fuzzy power set of U, i.e., the set of all functions from U to [0, 1]. Fuzzy
set intersection, union and complement operators are deﬁned component-wise as
(1) ðX \ Y ÞðxÞ ¼ X ðxÞ ^ Y ðxÞ for X ; Y 2 F ðUÞ;
(2) ðX [ Y ÞðxÞ ¼ X ðxÞ _ Y ðxÞ for X ; Y 2 F ðUÞ;
(3) X 0ðxÞ ¼ 1 X ðxÞ for X 2 F ðUÞ.
Where ^ denotes minimum and _ maximum. We recall that a fuzzy relation on U is a fuzzy subset of
U  U . If R is a fuzzy relation on U, the pair ðU ;RÞ is called a fuzzy approximation space. A fuzzy relation
R on U is called a fuzzy similarity relation if R is reﬂexive ðRðx; xÞ ¼ 1Þ, symmetric ðRðx; yÞ ¼ Rðy; xÞÞ and tran-
sitive ðRðx; yÞP _z2U ðRðx; zÞ ^ Rðz; yÞÞÞ.
The concept of fuzzy rough set was proposed by Pei [18]. His idea was as follows. Let U be an arbitrary
universal set and R be a fuzzy relation on U, F ðUÞ be the fuzzy power set of U. A fuzzy rough set is a pair
ðRX ;RX Þ of fuzzy sets on U such that for every x 2 UðRX ÞðxÞ ¼ ^y2Uðð1 Rðx; yÞÞ _ X ðyÞÞ and ðRX ÞðxÞ ¼ _y2U ðRðx; yÞ ^ X ðyÞÞ:
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particular, if R is a crisp binary equivalence relation on U and X is a crisp subset of U, by using Proposition
2.2, the fuzzy rough set is degenerated to Pawlak’s rough sets.
The following proposition reﬂects the relationship between operators R and R and it also shows the prop-
erties of operators R and R.
Proposition 4.1. Let U be an arbitrary universal set and R be a fuzzy relation on U. Then for X ; Y 2 F ðUÞ
(1) for any given index set I, Rð[i2IX iÞ ¼ [i2IRðX iÞ;Rð\i2IX iÞ ¼ \i2IRX i for X i 2 F ðUÞ;
(2) R; ¼ ;;RU ¼ U ;
(3) X  Y implies RX  RY ;RX  RY ;
(4) RðX \ Y Þ  RðX Þ \ RðY Þ;RðX [ Y Þ  RX [ RY ;
(5) RðX 0Þ ¼ ðRX Þ0;RðX 0Þ ¼ ðRX Þ0, where X 0 is the complement of X; Moreover, if R is a fuzzy similarity rela-
tion on U, then
(6) RX  X  RX ;
(7) RRX ¼ RX and RRX ¼ RX ;
(8) ðX ;RY Þ ¼ ðY ;RX Þ, and ½X ;RY  ¼ ½Y ;RX .Proof. The proof of parts (1)–(7) can be found in [11] and [18]. The proof of part (8) is analogous to the proof
of Proposition 2.3 (8) and we omit it. h
For the fuzzy sets as in Section 2, we can deﬁne the inner product (respectively, outer product) of two fuzzy
sets X ; Y of U, denoted by ðX ; Y Þ (respectively, denoted by ½X ; Y ), as ðX ; Y Þ ¼ _x2U ðX ðxÞ ^ Y ðxÞÞ (respectively,
½X ; Y  ¼ ^x2U ðX ðxÞ _ Y ðxÞÞ). Similar properties of the inner and outer products can be obtained.
5. An axiomatic system of fuzzy rough sets
In this section we will show that the axiomatic system in Theorem 3.2 also characterizes the lower approx-
imation operator of fuzzy rough sets over an arbitrary universe. Let U be the universal set, with k 2 ½0; 1;
X 2 F ðUÞ, fuzzy sets kX and k _ X in U are deﬁned as follows:ðkX ÞðxÞ ¼ k ^ X ðxÞ; ðk _ X ÞðxÞ ¼ k _ X ðxÞ;
for all x 2 U . For subset X of U, X 0 ¼ U  X denotes the complement of X. Note that for any given x 2 U ,
fxg0ðyÞ is equal to 0 if y ¼ x and it is equal to 1 otherwise. The following lemma is well known:
Lemma 5.1. Any X 2 F ðUÞ can be written asX ¼ [x2UX ðxÞfxg ¼ \x2UðX ðxÞ _ fxg0Þ:
Next, we will consider the abstract fuzzy set-theoretic operator L : F ðUÞ ! F ðUÞ.
Lemma 5.2. Let U be an arbitrary universal set and F ðUÞ be the fuzzy power set of U. Suppose L : F ðUÞ ! F ðUÞ
is a unary operator. If L satisfies the following axiom:Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ
for any given index I, X i 2 F ðUÞ and ki 2 ½0; 1, then there exists a unique fuzzy relation R on U such that for all
X 2 F ðUÞ; LðX Þ ¼ RX .
Proof. Using operator L, we construct a fuzzy relation R on U as follows:Rðx; yÞ ¼ 1 Lðfyg0ÞðxÞ:
By using the axiom Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ, for x; y 2 U ,LðX ÞðxÞ ¼ Lð\y2U ðX ðyÞ _ fyg0ÞÞðxÞ ¼ ^y2U ðX ðyÞ _ Lfyg0ðxÞÞ ¼ ^y2UðX ðyÞ _ ðLfyg0ÞðxÞÞ
¼ ^y2U ðX ðyÞ _ ð1 Rðx; yÞÞÞ ¼ RX ðxÞ:Similar to the case of crisp, R is unique. h
We need make full use of the outer product of two fuzzy sets.
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F ðUÞ is the unary operator, for any given index I, L satisfies Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ for all i 2 I ,
X i 2 F ðUÞ, and ki 2 ½0; 1. We have the following three results.
(1) There exists a unique reflexive fuzzy relation R on U such that LðX Þ ¼ RX for all fuzzy set X in U if and
only if LðX Þ  X for all X 2 F ðUÞ.
(2) There exists a unique symmetric fuzzy relation R on U such that LðX Þ ¼ RX for all fuzzy set X in U if and
only if ½X ;LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 F ðUÞ.
(3) There exists a unique transitive fuzzy relation R on U such that LðX Þ ¼ RX for all fuzzy set X in U if and
only if LðX Þ  LðLðX ÞÞ for all X 2 F ðUÞ.Proof. The proof is similar to that of Theorem 3.1. h
Note that condition Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ can be derived from ½X ; LðY Þ ¼ ½Y ; LðX Þ, i.e., we have
the following lemma.
Lemma 5.3. Let U be an arbitrary universal set and F ðUÞ be the fuzzy power of U. If L : F ðUÞ ! F ðUÞ is the
unary operator that satisfies ½X ; LðY Þ ¼ ½Y ; LðX Þ, then Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ for any given index
set I and X i 2 F ðUÞ.
Proof. Since, for any given index I,½Y ; Lð\i2Iðki _ X iÞÞ ¼ ½\i2Iðki _ X iÞ; LðY Þ ¼ ^i2I ½ki _ X i; LðY Þ ¼ ^i2Iki _ ½X i; LðY Þ
¼ ^i2Iðki _ ½X i; LðY ÞÞ ¼ ^i2Iðki _ ½Y ; LðX iÞÞ ¼ ^i2I ½Y ; ki _ LðX iÞ
¼ ½Y ;\i2Iðki _ LðX iÞÞfor all X i; Y 2 F ðUÞ, by the property of outer product, we have Lð\i2Iðki _ X iÞÞ ¼ \i2Iðki _ LðX iÞÞ. h
Theorem 5.1 and Lemma 5.3 imply the following interesting corollary:
Corollary 5.1. Let U be an arbitrary universal set and F ðUÞ be the fuzzy power of U. If L : F ðUÞ ! F ðUÞ
is the unary operator that satisfies ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X 2 F ðUÞ, then there exists a unique symmetric
fuzzy relation R on U such that LðX Þ ¼ RX for all X 2 F ðUÞ.From Theorem 5.1 and Corollary 5.1, we
obtain the axiomatization of the fuzzy rough set upper approximation operation over the arbitrary universal
set.
Theorem 5.2. Let U be an arbitrary universal set and F ðUÞ be the fuzzy power set of U. Suppose L : F ðUÞ !
F ðUÞ is the unary operator that satisfies axioms:
(1) LðX Þ  X for all X 2 F ðUÞ;
(2) ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 F ðUÞ;
(3) LðX Þ  LðLðX ÞÞ for all X 2 F ðUÞ.
Then there exists a unique fuzzy similarity relation R on U such that LðX Þ ¼ RX for each fuzzy set X in U. If
we deﬁne the lower approximation operation using the formula, RX ¼ RðX Þ, then ðRX ;RX Þ is a fuzzy
rough set. Moreover, axioms (1), (2), and (3) are consistent, necessary and independent each other.
Proof. By using Corollary 5.1, axiom (2) guarantees that there exists a symmetric fuzzy relation R on U such
that LðX Þ ¼ RX for each fuzzy set X in U. Using Theorem 5.1, axioms (1) and (3) guarantee that R is reﬂexive
and transitive. Thus R is a fuzzy similarity relation on U. Similar to the case of crisp, axioms (1), (2), and (3)
are consistent, necessary and independent each other. This completes the proof. h
Similar to the case of crisp, we have the following result.
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F ðUÞ is the unary operator that satisfies axioms:
(1) ½X ; LðY Þ ¼ ½Y ; LðX Þ for all X ; Y 2 F ðUÞ;
(2) X \ LðLðX ÞÞ ¼ LðX Þ for all X 2 F ðUÞ.
Then there exists a unique fuzzy similarity relation R on U such that LðX Þ ¼ RX for each fuzzy set X in U. For
the upper approximation, we have the following dual result.
Theorem 5.30. Let U be an arbitrary universal set and F ðUÞ be the fuzzy power set of U. Suppose H : F ðUÞ !
F ðUÞ is the unary operator that satisfies axioms:
(1) ðX ;HðY ÞÞ ¼ ðY ;HðX ÞÞ for all X ; Y 2 F ðUÞ;
(2) X [ HðHðX ÞÞ ¼ HðX Þ for all X 2 F ðUÞ.
Then there exists a unique fuzzy similarity relation R on U such that HðX Þ ¼ RX for each fuzzy set X in U.
Axiomatic systems given in Theorem 5.3 and Theorem 5.30 are much simpler than earlier works
[10,15,22,23] on axiomatic approach because fuzzy lower approximation operations based on a fuzzy similar-
ity relation can be characterized by two simple axioms in this paper. Moreover, Theorem 3.3 and Theorem 5.3
give a uniﬁed expression of the lower approximation operations axiomatic systems for both Pawlak’s rough
sets and fuzzy rough sets. Theorem 3.30 and Theorem 5.30 give a uniﬁed expression of the upper approximation
operations axiomatic systems for both Pawlak’s rough sets and fuzzy rough sets.
6. Conclusions
We used outer and inner products to characterize the lower and upper approximations of rough sets and
fuzzy rough sets, respectively. We gave a uniﬁed and better expression for the axiomatic systems of lower and
upper approximation operations for Pawlak’s rough sets and fuzzy rough sets. The axiomatic approaches can
help us to gain much more insight into the logical structure of rough sets and fuzzy rough sets. It also helps
unify Pawlak’s rough sets and fuzzy rough sets.
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